Introduction
Dresher's and Bellman's inequalities are obtained from the classical Hölder and Minkowski inequalities and are well known in the theory of inequalities and means. For introduction and some applications of these classical inequalities, we refer to [1] [2] [3] [4] [5] . Due to the importance of Dresher's and Bellman's inequalities, there are various generalizations, refinements, and variants that appeared in the literature. In this paper, we give refinements and further generalizations of the generalized version of these inequalities for positive linear functionals and time scales integrals. For this, first we recall the definition of positive linear functionals and the two functional inequalities from [5] .
Definition 1 (positive linear functional). Let be a nonempty set and let be a linear class of real valued functions : → R having the following properties:
(L 1 ) If , ∈ and , ∈ R, then ( + ) ∈ .
(L 2 ) If ( ) = 1 for all ∈ , then ∈ .
An isotonic positive linear functional is a functional : → R having the following properties:
(A 1 ) If , ∈ and , ∈ R, then ( + ) = ( ) + ( ).
(A 2 ) If ∈ and ( ) ≥ 0 for all ∈ , then ( ) ≥ 0.
Remark 2. Sums and Lebesgue integrals are the most familiar examples of positive linear functionals. In [6] it is shown that time scales integrals including the Cauchy, Riemann, Lebesgue, multiple Riemann, multiple Lebesgue delta, nabla, and diamond-also satisfy the properties of positive linear functionals. 
where
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Then the following inequality holds:
Remark 5. The inequality in Theorem 4 also holds if < 0. Moreover, it holds in reverse order if 0 < < 1.
Recently, the author, Rabia Bibi, gives the following refinement of Bellman's inequality.
Theorem 6 (refinement of Bellman's inequality [7 
In Section 2, we give refinements of Dresher's inequality for positive linear functionals (Theorem 3). In Section 3, we generalize Dresher's inequality and new refinements obtained in Section 2. Further, we obtain the reverse of new generalized Dresher's inequality. Section 4 provides the generalizations of Bellman's inequality and its refinement (Theorem 18) and reverse of the new generalized Bellman's inequality. Finally, in Section 5, we apply the obtained results to time scales integrals and obtain improvements of Dresher's and Bellman's inequalities on time scales.
In order to prove our main results, we use the classical Hölder and Minkowski inequalities, and the following refinements of them (see [8] ).
Theorem 7 (see [8, Theorem 13] 
the inequality
holds. In the case 0 < < 2, inequality in (8) , ℎ ∈ , and ( ( +ℎ) ) > 0, the inequality
holds.
Remark 9. From the proof of Theorem 8 (see [8] ), it is obvious that inequality (9) holds in reverse order for 0 < < 1 or 1 < < 2.
We also need the following classical Radon's inequality in order to prove the reverse of Dresher's inequality. 
If < 1, then inequality (10) holds in reverse order.
Refinements of Dresher's Inequality
Our first result gives the refinement of Theorem 3, for > 2. 
holds, where
Proof. By using the Minkowski inequality for positive linear functionals, we get
By using the discrete case of Theorem 7, we get
Now by combining (14) and (15), we obtain inequality (12) .
In next theorem, we give a new inequality of the Dresher type for positive linear functionals.
Theorem 12. Let and be such that (L 1 ) and (L 2 ) are satisfied and suppose that both and satisfy (A 1 ) and (A 2 ).
Suppose that , , :
holds, provided that the denominator of the right-hand side is positive.
Proof. By using Theorem 8, we get
By using discrete Hölder's inequality, we get 4 Abstract and Applied Analysis
Now by combining (18) and (19), we obtain inequality (17).
Generalizations of Dresher's Inequality
. . , ), and G ( 1 , 2 , . . . , ) be real valued functions of , , , , and variables, respectively. Then, throughout this section, we use the following notations:
, and {G ( )} =1 are real valued functions defined on .
The following results present the generalizations of Theorems 3, 11, and 12, respectively. 
By using discrete Hölder's inequality, we get
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Now by combining (23) and (24), we obtain inequality (22). 
Proof. Proof is similar to the proof of Theorem 11. 
where ≥ 2, 1 > > 0, or 1 < < 2 and ( F ), ( G ) > 0. Then
holds, provided that the denominators of the right-hand side are positive.
Proof. Proof is similar to the proof of Theorem 12.
Next, we obtain the reverse of Theorem 13. 
Proof. First by using the Minkowski inequality for positive linear functionals and ≤ 0 < < 1 (so that − < 0) and then by using Radon's inequality, we get
Generalizations of Bellman's Inequality
In the following results we get the generalizations of Bellman's inequality, Theorems 4 and 18, respectively. 
If > 1 or < 0, then
If 0 < < 1, then inequality (34) holds in reverse order.
Proof. Let > 1. Let 1 , 2 , 1 , 2 be nonnegative real numbers. Now from the discrete Minkowski inequality we have
By applying the substitution
in (35) and by using Minkowski inequality, we have
If < 0, then (35) holds in reverse order. Now by using the negativity of , we get
The remaining proof is similar to the case for > 1, except that here we apply the substitutions from (36) in (38). If 0 < < 1, then the reversed inequality in (34) can be proved in a similar way. In this case, (35) 
and
Proof. The proof is similar to the proof of Theorem 17; only here we apply the substitution
in (35) and then apply Theorem 8.
Applications on Time Scales Integrals
A time scale T is an arbitrary closed subset of R. Time scales calculus provides the unification and extension of discrete and continuous analysis. It is useful for the simultaneous study of discrete and continuous data. For example, when T = R, the time scale integral is an ordinary integral, and when T = Z, the time scale integral becomes a sum. Here, we give the definition and results for diamond-integral, but all the results of this section also hold for other time scales integrals, by using the fact that time scales integrals satisfy the properties of positive linear functionals. For a detailed introduction of time scales integral, we refer to [9] [10] [11] [12] [13] . Dresher's and Bellman's inequalities for time scales integrals are given in [6] .
Definition 19 (diamond-integral [13, Definition 3.2]). Let
: T → R be continuous function and let , ∈ T. Then the diamond-integral of from to is defined by
Remark 20. From the above definition it is clear that for = 1 the diamond-integral reduces to the standard delta integral and for = 0 the diamond-integral reduces to the standard nabla integral.
Moreover, if T = R, then
if T = ℎZ, where ℎ > 0, then
if T = N 0 , where > 1, then
The following results are immediate consequence of the results obtained in Sections 2, 3, and 4, respectively.
Corollary 22. Let , ∈ T with < . Suppose that , , ∈ 
Corollary 23. Let , ∈ T with < . Suppose that
, and , , defined as in (20) are such that > 0 and , ≥ 0. If
Corollary 24. Let , , satisfy the conditions of Corollary 23 with > 2, 1 > > 0 and ≥ 2( − ). Then
such that
Corollary 25. Let , , satisfy the conditions of Corollary 23 with 
Then the following inequality holds: 
